We are calculated the expectation value of the axial-vector current induced by the vacuum polarization effect of the Dirac field in constant external electromagnetic field. In calculations we use Schwinger's proper time method. The effective Lagrangian has very simple Lorenz invariant form. Along with the anomaly term, it also contains two Lorenz invariant terms. The result is compared with our previous calculation of the photon -Z boson mixing in the magnetic field.
In order to get the expectation value of the axial-vector current in constant electromagnetic field we use Schwinger's proper time method [1] . In our calculations we closely follow and use results from [1] and [2] .
Green function of the Dirac field (with mass m ) in the external electromagnetic field A µ and in the axial vector field A 
g µν = diag(−1, 1, 1, 1) .
The variation of the action integral is
= dxδL.
In pure electrodynamics (without axial-vector field) we have only the first term under the integral in eq. (5). Our task is to calculate the second term under the integral in eq. (5) (which is just δA
µ > is expectation value of the axial-vector field).
L is the Effective Lagrangian and we write
Here we use following notations
U(s) is the operator which develops the system with the 'Hamiltonian' H from the 'time' s=0 to the 'time' s. H 0 is the 'Hamiltonian' of the pure electromagnetic field and H I is the 'Hamiltonian' of the rest which contains axial vector field.
Applying to the identity
where T means the chronological order of the product, we can write
Hereσ
Keeping only linear term by axial vector field we get
The quantum mechanical problem can be formulated as
where
As Schwinger has shown
To evaluate the matrix element [20] we use the Schwinger's results
At low energy or in slowly varying axial vector field approximation we can write
In Eq.
[19] we bring all factors x ′ (s) to the left and all factors x ′′ (0) to the right ( using commutative relation [34] ), where they act on the left-and right-hand states to give c-numbers
This procedure gives a c-number expression multiplied by the function
The result of eq.
[20] is
Using the property of the trace we can replaceσ µν → σ µν . We make simplifications
We define two functions
Now the trace of the eq.
[20] will have a form
Making use of
we can write
For the first two terms in the braces of the eq.
[55] we may put x ′ −x ′′ = 0. Now we'll show that the singular part of the last term in the breces of the eq.[55] gives triangle anomaly and non singular parts give additional contributions to the effective Lagrangian.
We integrate the last term in eq.
[55] by parts using the property
By using the identities
and defining
we can develop
In other words, before integrating by parts we extract the singular part
Finally collecting all terms and changing integration variables s → −is we get effective Lagrangian
Here
The first terms of the Taylor expansion of B have a form 
The effective Lagrangian [67] has very simple Lorenz invariant form. Along with the anomaly term, it also contains two Lorenz invariant terms.
As it is well known from Euler Heisenberg Lagrangian (for vector currents (not-axial)) one can get amplitudes for n real photons interactions at low energies (for instance photon photon scattering, photon splitting in the magnetic field etc). Those amplitudes are calculated via replacing
µν are real photons and F µν is the constant external electromagnetic field) in the effective Euler Heisenberg Lagrangian. It is interesting to note that the effective Lagrangian (67) is not possible to use for calculating amplitudes of low energy processes which include real photons.
The photon-Z boson mixing in the external magnetic field was calculated in [3] . The amplitude has more complicated Lorenz invariant terms, than one can expect from our effective Lagrangian (67). Those additional terms include the derivative of the real photon field ( ∂ λ f µν , ∂ µ f µν ). It is impossible to relate that derivative to the Z boson field via integration by parts of the photon-Z boson mixing amplitude. Therefore it is impossible to restore our effective Lagrangian (with only two Lorenz invariant terms) from the photon-Z boson mixing amplitude.
The effective Euler Heisenberg Lagrangian with one axial-vector field must include terms with derivatives of external electromagnetic field. And amplitude is not vanishing even when energy-momentum is not transferring from axial-vector field to the external electromagnetic field (thanks to it's derivatives). For instance there will be non vanishing forward scattering amplitude of neutrinos in the external varying electromagnetic field (as a result index of refraction of neutrinos will departure from the unity). Now we turn to the anomaly term. We note that
In the limit G → 0 the functions E 1 (s) and E 2 (s) have forms: for F ≥ 0
for F ≤ 0
When x ′ ≃ x ′′ the integral can be taken
Therefore the anomaly term is equal to
Now by replacing g a A 5 µ → ∂ µ and using eq.
[60] we get 2α π G .
At the end we want to mention, that we may get the same result for effective Lagrangian by calculating axial vector current in the presence of the external constant electromagnetic field 
After integrating this result by parts, using eq.
[60], we get under the trace the same expression as in eq. [46] .
